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We study two variants of weak Hadamard differentiability of continuous convex functions on a Banach space, uniform weak Hadamard differentiability and weak Hadamard directional differentiability, and determine their special properties on Banach spaces which do not contain a subspace topologically isomorphic to l\.
Given a real Banach space X with dual X* , the Mackey topology on X* , T(X*, X), is the topology of uniform convergence on weakly compact subsets of X. It has recently been shown that a Banach space X does not contain a subspace topologically isomorphic to £i if and only if every Mackey convergent sequence in X* is norm convergent, [1, p.1132] . This characterisation has implications for the differentiabihty of continuous convex functions on X.
A continuous convex function <j> on an open convex subset A of X is said to be Gateaux differentiable at a; £ A if there exists a continuous linear functional <j>'(x) on X and given any e > 0 and v £ X there exists a S(e,x,v) > 0 such that < e for all 0 < t < 6.
Further, <j> is said to be weak Hadamard differentiable at x £ A if given e > 0 and a weakly compact set K in X there exists a S(e,x,K) > 0 such that the inequality holds for all 0 < t < S and v £ K. Moreover, <j> is said to be Frechet differentiable at a; £ A if given e > 0 there exists a S(e,x) > 0 such that the inequality holds for all 0 < t < 6 and v £ X, \\v\\ = 1. In a reflexive space X, <j> is weak Hadamard differentiable at x £ A if and only if it is Frechet differentiable at x, and in l\, </> is weak Hadamard differentiable at x £ A if and only if <f> is Gateaux differentiable at x. It has recently been shown that on a Banach space X which does not contain a subspace topologically isomorphic to l\, <f> is weak Hadamard differentiable at x £ A if and only if it is Frechet differentiable at x, [1, p. 1124] . In this paper we study two variants of weak Hadamard differentiabihty of continuous convex functions, uniform weak Hadamard differentiability and weak Hadamard directional differentiability, and using the recent sequential characterisation for Banach spaces which do not contain a subspace topologically isomorphic to ti, we determine the special properties of these differentiabihty conditions on such spaces. 156 J.R. Giles and S. Sciffer [2] 1. UNIFORM WEAK HADAMARD DIFFERENTIABILITY
The uniform variant of weak Hadamard differentiability of the norm has implications for the geometry of the Banach space.
The norm of a Banach space X is said to be uniformly Gateaux differentiable if it is Gateaux differentiable at each x £ X, \\x\\ = 1, and given e > 0 and v £ X there exists a 6(e,v) > 0 such that < e for all 0 <t< 6 and x £ X, \\x\\ = 1. t Similarly, we say that the norm is uniformly weak Hadamard differentiable if it is Gateaux differentiable at each x £ X, \\x\\ = 1, and given e > 0 and a weakly compact set K in X there exists a 8(E,K) > 0 such that the inequality holds for all 0 < t < 6, v £ K and x £ X, \\x\\ = 1. The norm is uniformly Frechet differentiable if it is Gateaux differentiable at each x £ X, \\x\\ = 1, and given e > 0 there exists a S(E) > 0 such that the inequality holds for all 0 < t < 8 and x,v £ X, ||x|| = ||w|| = 1.
Just as with uniform Gateaux and uniform Frechet differentiability, uniform weak Hadamard differentiability can be characterised by a continuity property of the subdifferential mapping of the norm. PROOF: Given x £ X, \\x\\ = 1, any /" £ 9||a;|| and f x+tv £ d\\x + tv\\ we have for t > 0 and v £ X, with the inequalities reversed for t < 0. So it is clear that the continuity property for the selection implies uniform weak Hadamard differentiability of the norm. Conversely, given e > 0 and a weakly compact set K in X there exists a 6(E, K) > 0 such that < e for all x £ X, \\x\\ = 1, v £ K when -6 <t<6. There is a significant rotundity property dual to uniform weak Hadamard differentiability of the norm, similar to the rotundity properties dual to uniform Gateaux and uniform Frechet differentiability of the norm.
A Banach space X is said to be weakly uniformly rotund if given e > 0 and / £ X* there exists a S(e, f) > 0 such that |/(a: -y)\ < e when ||x + y|| > 2 -6 and ||x||, ||y|| ^ 1, and the dual X* is said to be weak* uniformly rotund if given e > 0 and x E X there exists a 6(e, x) > 0 such that l(/ -9){x)\ < e when \\f + g\\ > 2 -S and ||/||, \\g\\ < 1.
A Banach space is weakly uniformly rotund if and only if its dual X* has uniformly Gateaux differentiable norm, and X has uniformly Gateaux differentiable norm if and only if its dual is weak * uniformly rotund, [5, p,63] .
A Banach space X is said to be uniformly rotund if given e > 0 there exists a 6{e) > 0 such that ||x -y\\ < e when ||x + y\\ > 2 -S and ||x|| , ||y|| ^ 1.
A Banach space X has uniformly Frechet differentiable norm if and only if its dual X* is uniformly rotund. A Banach space which is uniformly rotund is reflexive.
We say that a Banach space X has uniformly Mackey rotund dual X* if given e > 0 and a weakly compact set K in X there exists a 6(e,K) > 0 such that IK/ -s)( v )ll < e ioi aH.v E K when ||/ + g\\ > 2 -6 and ||/||, \\g\\ ^ 1.
LEMMA 1 . 2 . A Banach space X has uniformly weak Hadamard differentiable norm if and only if its dual X* is uniformly Mackey rotund. [4]
When X* is uniformly Mackey rotund then given e > 0 and a weakly compact set K in X there exists a S(e, K) > 0 such that
Therefore, when ||s; -y|| < & we conclude that ! < e for all " £ if.
Conversely, when X has uniformly weak Hadamard difFerentiable norm, given e > 0 and a weakly compact set K in X there exists a 6(e,K) > 0 such that < e and We are now in a position to determine the geometrical implications of these properties in Banach spaces which do or do not contain a subspace topologically isomorphic to l x .
THEOREM 1 . 3 . A Banach space X which does not contain a subspace topologically isomorphic to l\ is reSexive Hits norm is uniformly weak Hadamard difFerentiable.
PROOF: We show that the dual X* is uniformly rotund. Suppose that this is not so. Then there exists an r > 0 and sequences {/n}>{<7n} in X* where ||/ n ||, ||</ n || ^ 1 for all n £ N such that ||/ n + g n \\ -> 2 as n -> co but ||/ n -g n \\ > r for all n € N . Since X does not contain a subspace topologically isomorphic to l\ we can conclude that {/" -g n } is not Mackey convergent to 0; that is, there exists a weakly compact [5] Convex functions on Banach spaces 159 set K in X such that { ( / " -g n ){v)} does not converge to 0 uniformly for all v £ K. This contradicts X* being uniformly Mackey rotund. D However we should note that a non-reflexive Banach space which does not contain a subspace topologically isomorphic to t\ may have a dual whose norm is uniformly weak Hadamard differentiable. The space c<> can be equivalently renormed to be weakly uniformly rotund a n d then €«> is weak * uniformly rotund. Since weak compact sets in i are norm compact, the Mackey topology on t^ is the weak * topology and so tî s uniformly Mackey rotund. Further, a Banach space whose dual has uniformly weak Hadamard differentiable norm cannot contain a subspace topologically isomorphic t o l\ .
Weakly convergent sequences in ^i are norm convergent, so if such a space did contain a subspace topologically isomorphic to i\ then l\ could be equivalently renormed to be uniformly rotund, which is impossible.
Given a measure space (fi,E,/i) it has been shown that the Banach space The proof of the theorem depends upon the following strengthening of Proposition We introduce the following weaker differentiability conditions. We say that (j> is weak Hadamard directionally differentiable at x £ A if given e > 0 and a weakly compact set K in X there exists a S(e, x, K) > 0 such that (x + tv) -4(z) ,, . , < e for all 0 < i < 6 and v £ K.
We say that <f> is Frechet directionally differentiable at x £ A if given e > 0 there exists a S(e,x) > 0 such that the inequality holds for all 0 < t < S and v £ X , ||i>|| = 1. The differentiability of a continuous convex function <p on an open convex subset A of a Banach space X is studied by means of the subdifferential mapping x t -> d4>(x) where 0<£(z) EE {/ £ X* : /(v) < <AV(z)(") for aU v £ X } . 
This mapping is a weak* cusco; that is, for x £ A, d(f>(x) is weak
that d<j>(N) C d<j>(x) + eB(X*).
Frechet directional differentiability for continuous convex functions has recently been characterised by Hausdorff norm upper semi-continuity of the subdifferential mapping, [6, Theorem 3.2] . A similar characterisation can be given for weak Hadamard directional differentiability. 
LEMMA 2 . 1 . A continuous function <j) on an open convex subset A of a Banach space X is weak Hadamard directionally differentiable at x £ A if and only if the subdifferential mapping x H-» d(/)(x) is Hausdorff Mackey upper semi-continuous at x.
PROOF: Suppose that <f> is weak Hadamard directionally differentiable at a £
D
We now determine the special properties of weak Hadamard directionally differentiable convex functions on a Banach space which does not contain a subspace topologically isomorphic to l\.
THEOREM 2 . 2 . Consider a continuous convex function (j> on an open convex subset A of a Banach space X which does not contain a subspace topologically isomorphic to t\. If <f> is weai Hadamard directionally differentiable on A then <f> is Frechet differentiable on a dense Gs subset of A.
PROOF: If X is separable it is a weak Asplund space and so <j> is weak Hadamard differentiable on a dense Gs subset of A. But since X does not contain a subspace topologically isomorphic to l\, then <j> is Frechet differentiable on a dense Gs subset of A. If X is not separable, it follows from [7, p.162] that it is sufficient to prove that for every separable closed subspace Y of X where A D Y ^ 0, (f>\y is weak Hadamard differentiable on AClY. This follows since the injection is continuous, mapping Y with its weak topology into X with its weak topology and so K weakly compact in Y is weakly compact in X . U
We cannot expect such a result to extend to Banach spaces in general. Phelps has shown that i\ can be given an equivalent norm which is Gateaux differentiable except at the origin and is nowhere Frechet differentiable, [8, p.86] . Again since weakly compact sets in li are norm compact, such a norm is weak Hadamard differentiable except at the origin.
COUNTEREXAMPLES
Although it has been shown that for a Banach space X which does not contain a subspace topologically isomorphic to li, every Mackey convergent sequence in X* is norm convergent, it is instructive to see that this does not necessarily imply that sequences which are Hausdorff Mackey convergent to a set are Hausdorff norm convergent to the set. 
\»=i /
But then the sequence {v n } cannot converge weakly in CQ and this contradicts the weak compactness of K. However, it is interesting to note that Hausdorff Mackey convergence to the unit ball of li does imply Hausdorff norm convergence. Although it has been shown that for a Banach space which does not contain a subspace topologically isomorphic to li, every continuous convex function which is weak Hadamard differentiable at a point is Frechet differentiable there, it is also instructive to see that a comparable result does not extend to directional differentiability. 
REMARKS
We note that the characterisation given in Lemma 1.1 holds for any continuous convex function and Lemmas 1.1, 1.2 and 2.1 hold for a Banach space with any of the recognised bornologies considered for differentiability questions, [2, p.410 ]. However we have confined ourselves to Banach spaces with the weak Hadamard bornology as our interest is in determining the special properties of uniform weak Hadamard differentiability of the norm and weak Hadamard directional differentiability of continuous convex functions on Banach spaces which do not contain a subspace topologically isomorphic to ^.
In [3, p.453] it was shown that a Banach space X is an Asplund space if the subdifferential mapping for the norm x i -> 9||z|| is Hausdorff weak upper semi-continuous on the unit sphere. Lemma 2.1 and Theorem 2.2 prompt us to pose the associated problem.
PROBLEM. IS a Banach space X which does not contain a subspace topologically isomorphic to l\ an Asplund space if the norm on X is weak Hadamard directionally differentiable on the unit sphere?
